In this paper we prove the existence of certain Steiner systems. The results of this paper are divided into three sections: In section 1, we investigate Steiner systems of type S(3, 4, 8). In section 2, we study Steiner systems of type S(5, 6, 12), and in the last section we study Steiner systems of type (5, 8, 24), the MOG and the Hexacode.
Introduction
Steiner systems were named after the 19 th century Swiss mathematician Jakob Steiner [10] .
A Steiner system S = S(Ω, B) is a finite set Ω; whose elements we call points, along with a set B of subsets of Ω called blocks, which for some integers k and t, satisfy the following conditions:
1. Each block in B has size k; 2. Any set X ⊂ Ω of size t k is contained in exactly one block from B.
If we put υ = |Ω|, then such a system is called an S(t, k, v) Steiner system.
An automorphism of a Steiner system S = S(t, k, v) is a permutation of Ω which permutes the blocks among themselves. We can count the number of t-subsets in two ways;
• The number of t-subsets = the number of k-blocks in S × the number of t-subsets contained in each k-block = |S| × k t .
• Also, the number of t-subsets = v t .
Hence the number of blocks of S(t, k, v) = (
.
Whenever we have a Steiner system S(t, k, v) ,then taking the derived design (taking all blocks that contain a fixed element, and then discarding that element), we obtain an S(t − 1, k − 1, v − 1) from an S(t, k, v). Definition 1.1 Let S = S(Ω, B) be an S(t, k, v) Steiner system. For any point ω of S we can form a new Steiner system S ω = (Ω , B ) where Ω = Ω\ω and B = {B\ω | B ∈ B and ω ∈ B}. Then the Steiner system S ω is called the contraction of S at ω and is an S(t − 1, k − 1, v − 1) Steiner system. Also, S is then described as an extension of S ω .
Note that the Steiner systems S (5, 8, 24) , S(4, 7, 23), S(3, 6, 22), S(2, 5, 21), S(5, 6, 12), S(4, 5, 11), S(3, 4, 10), and S(2, 3, 9) are all unique [1] .
However, it is far from clear that an S(t, k, v) can be extended to as S(t + 1, k + 1, v + 1). Indeed it may happen that an S(t, k, v) exists but
Indeed no Steiner systems are known with t larger than 5 [6] .
Results and Discussion
The results of this paper are divided into three sections:
Steiner system S(3, 4, 8)
Proposition 2.1 A Steiner system S(2, 3, 7) can be extended to a Steiner system S (3, 4, 8) .
Proof. Suppose that this Steiner system exists, then the number of tetrads in this Steiner system is ( = 7 of them contain a specific point and 14 − 7 = 7 do not contain this point. For a given pair of points x and y there are (
= 3 tetrads containing both x and y, and 7 − 3 = 4 contain x but not y. But there are 7 − 4 = 3 tetrads do not contain neither points. For a given triple there is one 201 tetrad contains all three points, and 3 − 1 = 2 tetrads having two points only. The number of tetrads containing one point of the triple = 4 − 2 = 2, but 3 − 2 = 1 tetrad with no point from the triple. Now we draw a horizontal line as up to now the calculations are true for any 1, 2, and 3 points. However, below the line it is true for "special tetrads" only; four fixed points in the Steiner system. The last line in Table 1 shows that there is only one special tetrad containing four fixed points, and 1 − 1 = 0 tetrads with three points but not the fourth one. Also, we have 2 − 0 = 2 tetrads with two of the four points, and 2 − 2 = 0 tetrads with one point only. The number of tetrads that do not contain any of the four points is 1 − 0 = 1. By continuing in this way we get Table 1;   14  7  7  3  4  3  1  2  2  1  1  0  2  0  1   Table 1 : The intersection triangle of the Steiner system S(3, 4, 8)
We conclude from the last line of the diagram that any two tetrads are either disjoint or intersect in two points, and also the complement of a tetrad is a tetrad.
Let {∞013}, {∞045}, {∞062}, {∞124}, {∞235}, {∞346}, {∞561} be all the tetrads containing ∞. Then from Table 1 the complement of these tetrads are also tetrads, i.e. {1345}, {4562}, {1362}, {0365}, {1406}, {2510}, {0234} are also special tetrads. We confirm that the permutation α = (∞ 0) (1 3) (4 5) (6 2) preserves S. It is of interest that the intersection triangle for an S (3, 4, 8) implies the following Lemma, although we shall not need to use the Lemma in our construction.
So, let ×××× and × × × × are tetrads X = {a 1 , a 2 , a 3 , a 4 } ∈ S and Let Y = {a 1 , a 2 , b 1 , b 2 } ∈ S. We want to find the tetrad 312 containing {a 3 , a 4 , b 1 }. As the last line of Table 1 implies that two tetrads are either intersect in two points or they are disjoint, it follows that the new tetrad cannot have a 1 nor a 2 . Hence, the new tetrad has to intersect Proof. As this is a special tetrad, it cannot intersect with any other tetrad in more than two points. Hence, x / ∈ {∞, 4, 5, 0}. It follows that x = 6.
Proposition 2.3
If there is a Steiner system S(3, 4, 8) then every triple exists in one tetrad only, and Stab(S (3, 4, 8) 
Proof. We shall take ∞ along with Z 7 , then fixing ∞ we get an S(2, 3, 7), i.e take all the tetrads containing ∞ in Table 2 and consider the triples in these tetrads, we have {124, 235, 346, 450, 561, 602, 013}, which is a Steiner system S(2, 3, 7). Note that fixing any point will give us S(2, 3, 7). From the intersection triangle of S(3, 4, 8) the complement of a tetrad is a tetrad so we get the compete table. Now we have a list of 14 tetrads with the property that any triple exists in one tetrad only. Hence, we have constructed S (3, 4, 8) . Next to find the group that preserves this system let us produce a permutation that maps tetrads in Table 2 among themselves. 349 Let ρ = (∞ 0) (1 3) (4 5) (2 6) and apply ρ on S = {∞124, ∞235, ∞346, ∞450, ∞561, ∞602, ∞013}, we get Table 2 : (4 5)(2 6), (∞ 1)(2 4)(5 6)(3 0), (∞ 3)(0 1) (2 5)(6 4
Steiner System S(5,6,12) and The Kitten
In this section we introduce the following observations: We will start with the construction of Steiner system S(5, 6, 12). Then we will prove that this system exists depending on the proof by Havlicek and Lenz in [8] . Let P be the set of points of the projective plane of order 3, i.e. Steiner system S(2, 4, 13). From the properties of a projective plane this plane contains 13 points and lines, where each line contains 4 points and every pair of distinct points lies in a unique line. Now, we will introduce four types of sets L ⊂ P, where each type consists of 6 points:
1. L is the union of a line and two further points not on the line. This set contains a unique line so there are exactly 13 ×
13−4 2
= 468 of this type.
2. L is the symmetric difference of two different lines, i.e. the union of two lines less their intersection. We can write this difference in one way only;
. Hence there are 78 of this type.
3. L consists of a triangle and an inscribed triangle, i.e. each point of the second triangle lies on exactly one line of the first triangle. In this case each vertex of the big triangle is on exactly two trisecants of L, whereas each point of the inscribed triangle is on one trisecant only. Since two distinct vertices of the inscribed triangle determine the third one uniquely, it follows that we have
4. Consider the set of vertices of a quadrilateral; the set of 4 points where no 3 are collinear. In this case L is the set of points where two distinct lines of the quadrilateral meet. So, we count the number of four trisecants = 13×12×(13−4)(13−9) 4! = 234 of this type.
As these four types of 6-sets are all distinct, it follows that we have 468 + 78 + 936 + 234 = 1716 6-sets. Note that 13 6 = 1716. Hence, our system contains all possible 6-sets. Now let α be a point in P and let W = P \ {α}. So, W has 12 points and we can Define a block B such that B ⊂ W satisfies one of the following:
1. B is the symmetric difference of two distinct lines neither containing α.
The number of blocks of this type is
2. B ∪ α is the union of two distinct lines. Now we have to consider two cases;
(a) α is on both lines and so we have Hence, in total there are 42 blocks.
3. B consists of a quadrangle with two of its diagonal points and α is the remaining point. If we draw two distinct lines A and C through α, then choose two distinct points on A \ α and C \ α respectively. Therefore the number of blocks = = 54.
To sum up we have a total of 36 + 42 + 54 = 132 blocks. Now we can state our main result; Theorem 2.4 The set W, together with the set of all blocks, is a Steiner system S(5, 6, 12).
Proof. By construction all blocks have size 6. We will show that each 5-set M in W, where we have 2. Let N be the symmetric difference of distinct lines A and C. Recall that 4 points in P G 2 (3) lie on each line and two lines can only intersect in one point [9] . Now, (A ∪ C) \ {α} is a block of type (2).
3. Assume that N is a union of a triangle {A, B, C} and an inscribed triangle {P, Q, R} such that P ∈ BC, Q ∈ CA and R ∈ AB. Now we have two cases for α whether it satisfies one of the following; if α lies on {P, Q, R}, let R = α, and consider X = AP ∩ BQ. Then X ∈ CR and the set of points {A, B, C, X} is a quadrangle with diagonal points P, Q. This is exactly a block of type (3) containing M Figure 1 (1). Otherwise, α ∈ {A, B, C}. Let C = α and consider X = P Q ∩ RC. Then it follows that X ∈ AB ∪ P Q. So, the symmetric difference of AB and P Q is a block of type (1) containing M, Figure 1 (2).
4. Let N = {A, B, C, D, E, F } be the set of vertices of a quadrangle. WLOG, let α = F = AB ∩ CD. This means that {A, B, C, D} is a quadrangle with diagonal points E, α and some point X. So, {A, B, C, D, E, X} is a block of type (3) containing M, Figure 1(3) . Now consider the number of blocks containing our 5-set M. Each of the 132 blocks contain exactly 6 subsets of W with 5 elements. Thus if we sum over our 5-sets M we get 132 × 6 = 792. However we showed that any 5-set M is contained in at least one block, it follows that the number of blocks is greater than or equal to 1 for each 792 possible sets M. Thus the number of blocks is equal to 1 for all M. Remark: Conway and Curtis [5] developed an elegant way to construct hexads in the Steiner system S(5, 6, 12) by gluing together three affine planes, which are simply Steiner sysytems S(2, 3, 9). The 12 points are labelled using the projective line. Let P G(1, 11) = {∞, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, X} we write X for 10. Take the set of quadratic residues mod 11 together with 0, Q = {0, 1, 3, 9, 5, 4}. Let L =< α, β > ∼ = P SL(2, 11), where α and β are permutations such that α(y) = y + 1 and β(y) = −1 y . Now, L = {Q x |x ∈ L} consists of 132 subsets of size 6, the so called hexads. These hexads have the property that any five of the 12 points occur together in just one of them. Hence, L form the Steiner system (5, 6, 12).
Curtis [5] calls his method the Kitten. The construction of the Kitten is based on the fact that given three points, {∞, 0, 1} say, then the triples which completes this to a hexad form a Steiner system S(2, 3, 9), i.e. an affine plane. There is only one such plane Figure 2 , where the lines of this system are shown as rows, columns and generalized diagonals of a "noughts-and-crosses" board.
The number of lines = ( crosses, and the complement of a cross is a square, see Figure 3 where the Xs form crosses and dots form squares. To construct the Kitten we start by drawing a triangle with vertices labeled ∞, 0, 1. Then write 6, 7, 8 down the ∞−altitude. The next step is to perform anticlockwise rotation through 120
• correspond to the linear fractional permutation on both large and small triangles. 3 5 8)(4 7 9) Note that this permutation is performed modulo 11 and we are writing X for 10. 6 X 3 2 7 4 5 9 8 5 7 3 6 9 4 2 X 8 5 7 3 9 4 6 8 2 X Table 3 : ∞, 0, 1 pictures
We call {∞, 0, 1} the line at ∞, and ∞, 0 and 1 are points at ∞. Now we can easily see the hexads and they are:
• {∞, 0, 1} ∪ any line.
• The union of two parallel lines.
• A point at ∞ together with a cross in the corresponding picture.
• Two points at ∞ and a square in the picture corresponding to the omitted point at ∞.
Example 2.5 Find the hexads containing {3, 5, 7, 9, 0}, and {2, 3, 4, 5, 6}
To find the first hexad we look at the picture at 0 and find that X gives us a cross, hence the hexad is {3, 5, 7, 9, 0, X}. Looking at the picture at 0 to find the next hexad we find that 8 completes the line to get two parallel lines. So, {2, 3, 4, 5, 6, 8} is a hexad.
Since this Kitten has all the hexads in S(5, 6, 12) which are preserved by M 12 , it follows that the three reflections in the altitudes, f ∞ , f 0 , and f 1 must be members of M 12 .
If we let α= (1 2 3 4 5 6 7 8 9 X) then: Definition 2.6 [7] Let F denote a finite field and n 1. A linear code C is a vector subspace of the vector space V = F n for some n 1. The elements of C are called codewords and n is the length of C.
The dimension of the code is the dimension of the subspace that forms the linear code. We will consider codes over the following fields:
• F 2 = {0, 1} the binary field;
• F 3 = {0, 1, −1} the ternary field;
• F 4 = {0, 1, ω, } the field of order four.
Let Ω = {ω 1 , ω 2 , ..., ω n } and let V = P(Ω), the powerset of Ω. Consider an element A in V we Define the weight of A is the cardinality of A. Suppose that A and B are two elements in V , then the addition of vector spaces is replaced by the symmetric difference of the subsets, i.e. (A ∪ B) − (A ∩ B) .
Definition 2.7 (Chapman) [2]
A binary Golay code, is a binary linear code of length 24, of dimension at least 12, and a minimum weight at least 8. 12 . The sum of two elements of S ω has weight at most 4 + 4 = 8. However, if this is true then each element should have weight 4 so, ω would be in both of them, this implies that their sum, symmetric difference, is at most 6 not 8. Therefore, the sum of two distinct elements of S ω cannot lie in C. The cosets A + C as A runs through S ω are all distinct. Thus |V /C| 2 12 . But as |C| 2 12 then |V /C| 2 24 2 12 = 2 12 and so |C| = |V /C| = 2 12 . Thus C has dimension 12. Also the A + C for A ∈ S ω form a complete set of cosets of C in V .
Let B ∈ V have weight 4, and suppose that ω / ∈ B. Then B / ∈ S ω , but B ∈ A + C for some A ∈ S ω . As A + B is a non-zero element of S ω , then A + B has weight 8, and so C has minimum weight 8. The set A+B contains {ω}∪B. Thus each 5-element subset of Ω containing ω is contained in at least one 8-element set in C. But as ω is an arbitrary element of Ω then each 5-element subset of Ω is contained in at least one 8-element set of C. But this element is unique; any pair of distinct 8-element sets A, B ∈ V with |A ∩ B| 5 elements satisfy 0 < |A + B| 6, contrary to Cs having minimum weight 8. Note that |A + B| = |A| + |B| − 2|A ∩ B|. Thus the weight 8 words of C form a Steiner system S (5, 8, 24) and so there are ( = 140 tetrads in this system. Let V be a vector space of dimension 4 over GF 2 and consider the two dimensional subspaces of V . There are Curtis [4] constructed the Miracle Octad Generator (MOG) to read off the octads in the Steiner system S (5, 8, 24) . The MOG is a one-to-one correspondence between 35 partitions of the Steiner system S(3, 4, 16) and the partitions of an 8-set into 4-sets . Such a union of 3 disjoint octads is called a trio and since, octads intersect evenly; an octad must cut a cross a trio as 800, 440 or 422. In the latter case, which is the most common, we call the octad containing 4 points the heavy brick. The other two are called the square. Since the union of any 2 columns of the square form an octad, and the union of the rows of the square form an octad, any other octad must intersect every row with the same parity and every column with the same parity, see Example 2.10.
The brick tetrad can be any one of the 8 4 = 70 tetrads which fall into two groups of 35. The square tetrad must be one of the 140 special tetrads. These fall into 35 groups of 4.
The MOG has 35 pictures which show against each complementary pair of brick tetrads, the corresponding group of special square tetrads. To obtain an octad we take a brick tetrad with any square tetrad of the same picture.
Example 2.9 Find the octad containing the points 0, 4, 6, 11, 17 as labelled in Figure 4 Now the heavy brick is the one containing 4, 11, 17 and in order to find the forth point, check the parity of the bricks. If we choose 2 to be the missing point. Then we notice that in column 5 row 5 of Figure 4 , 6 and 0 do not lie in the same brick tetrad. Hence our point is 16. In column 3 row 2 of the MOG 6 and 0 lie on the same brick tetrad so the octad is 0, 4, 6, 11, 16, 17, 20, 22. Figure 4 We must complete to an octad. First we need to identify the heavy brick. Suppose that it contains 3 and 8 then the , h 2 , . .., h 6 ), where h i ∈ 923F 4 , ∀1 i 6; odd and even interpretation. In the odd interpretation Figure5, if h i = λ ∈ F 4 we place 1 in the λ position in the ith column and zeros in the other three positions. We might take the complement of this, i.e. put zero in the λ position and 1s in the other positions. We complete this procedure for all h i s considering that we have the right to complement as long as we keep an odd number in the first row.
On the other hand, in the even interpretation Figure 6 , if h i = λ = 0, we place 1 in the 0th and λth position and zero in the other two positions, or we may take the complement. Otherwise, if h i = 0 we either place 0 or 1 in four positions. We always have to keep the top row even in this interpretation. 
Conclusion
In this paper we prove that a Steiner system S(2, 3, 7) can be extended to S (3, 4, 8) . In this Steiner system any two tetrads are either disjoint or intersect in two points. Also, the every triple exists in one tetrad only. The second Steiner system we construct is S(5, 6, 12). The last one is S (5, 8, 24 ).
